MAT 103A: Complex Analysis (W21) Quiz 2 (Solutions)

Quiz 2 (Solutions)

Directions: Complete as many problems as you can during section. This is a low-stakes “quiz”
- you will not be penalized if you do not finish every problem.! You may collaborate with other
members of the class, consult the TA, and consult the textbook or lecture notes. Scan and save your
work as a .pdf file and submit via https://canvas.ucsc.edu. You have an additional 55 minutes
after the meeting to scan and submit your work.

Q1. For each function f(z), find real valued functions u(z,y) and v(x,y) such that f(x + iy) =
u(z,y) +iv(z, y)

(a) f(z)=22+2+1.
22

(b) f(z) ==, z#02

Proof. (a) Writing z = = + iy, we have

flx+iy) = (z+iy) >+ +iy+1
=224+ 2izy — P’ +x+iy+1
= (@ -y’ + 2+ 1) +i(2vy +y)

so that u(z,y) = 22 — %2 + v + 1 and v(x,y) = 22y + y.

ote that Z = 2. We can thus use the binomial theorem to make the computation
b) Note that ZZ H
easier. We have
o (e —iy)?
TH+1y) = ——F
fla+iy) =5 )2
_ x3 — 3iz?y — 3xy? + iy3
xr2 + y2
3 —3xy?  —32%y 4¢3
= {
22 + y2 22 + y2
3_ 2 a2 3
so that U(.’L‘,y) = Izzjzg and U(;U,y) = :ixzfy;gy

=

Q2. Compute the derivative at zg € C, if it exists. You may use either the limit definition of the
derivative, or the necessary/sufficient conditions involving the Cauchy-Riemann equations.

(a) f(z) =7
(b) f(z)=22+2+1.

Solution. Both parts can be solved using the limit definition, but I will use the CR-equations.

(a) Writing z = x + iy we see that f(z) = z —iy so that u(z,y) = x and v(x,y) = —y. Hence,
u; = 1 while v, = —1. Evidently then, u,(z,y) # v,(z,y) for any point (z,y) € R%
Thus, the CR~equations are satisfied nowhere and so f is differentiable nowhere.

1However, it is essential that you understand how to solve each problem, so I highly recommend that you con-
tinue to work on any unfinished problems throughout the week. You can also post questions on the “quizzes/section”
stream on Zulip: https://math103a.zulipchat.com.

2¢f. Problem set 2.
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(b) Writing z = x + iy we see that
fl) =@+ + (@ +iy) +1=2" —y* + 2+ 1+i(22y +y)

so that u(z,y) = 22 —y?> + z + 1 and v(z,y) = 22y +y. Hence, u, = 2z + 1, u, =
-2y, vy = 2y, and vy = 2z + 1. Hence, u, = v, and u, = —v, so the CR-equations are
satisfied at every point in R?. Moreover, the first order partials of u,v are continuous on
R2. Hence, f is entire and

f(2) = ug(z,y) +ive(z,y) =20 + 1 +i2y = 2(x +iy) + 1 =2z + 1.

Q3. Show that the limit does not exist:*
lim 2
zl—I>r%) 22 ’
Proof. Along the real axis, we have
2 2
lim f— = lim z
z—07Z 0 12
=1.
But along the line y = z, we see that
2 £ 2
lim % = lim (z+ wc)
z—07Z x—0 (aj — 1.13)2
141)?
= lim ( +Z)
x—0 (1 — 2)2
=1
So the limit does not exist. *

Q4. Compute the following limits using the theorem on limits involving the point at infinity:

. 922
(a) lim (22— 1)2’

. 1
(b) lim o5z

2
1
(¢) lim s

2500 z—1°

Proof. (a) It looks like this limit will be finite. So we use (2) on page 51 in the book. We

have
lim 9/2* = lim 92*
2=0 (2/z—1)2 250 22(2 — 2)?
= lim J
z—0 (2 — 2)2
= 9/4.
. 922
Hence, zlggo 212 =9/4.

2
3Hint: Look at the value of % along the real axis and imaginary-axes the line y = x.
Z
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(b) Tt looks like this limit will be infinite. So we use (1) on page 50 in the book. We have

1
lim —— = lim (z — 2)2
z—2 (z—2)2 z2—2
=0.

. 1
Hence, lim Q.
z

52 (z—2)%

(c) It looks like this limit will be infinite. So we use (3) on page 51 in the book. We have

. o 1/z—1
sy D 2201/22 4 1
_ g (1—2)2?
2—0 Z(l + 22)
_ (1-2)z
z—0 (]_ + 22)
=0.

2
1
Hence, lim Zt

= Q.
z—00 2z — 1

L3

Q5. Using the Cauchy-Riemann equations, determine all points at which the following functions
are differentiable:

(a) f(2) =Rez;

(b) f(z) =Imz=.
Proof. Write z = x + iy and zg = xg + iyop-
(a) The difference quotient is

f(z) = f(z0) T — Zo

z— 2o (x —x0) — i(y — o)

Evidently the value of this expression is 0 along the line * = xy. But along the line
Yy = Yo, the value is 1. Hence, the limit lim,_, %ﬁéz‘)) does not exist. Since zg was
arbitrary, this function is not differentiable anywhere.

Alternatively, notice that v = 2 and v = 0 so that u, = 1 # 0 = v,. Hence, the

CR-equations are satisfied nowhere and f is nowhere differentiable.

(b) The difference quotient is
f(z) = fz0) _ Y~ Yo

z— 2o (x —x0) —i(y — o)

Similarly to (a), the value of this expression is 0 along the line y = yo. But along the line
T = xq, the value is i.

Alternatively, notice that v = 0 and v = y so that u, = 0 # 1 = v,. Hence, the
CR-equations are satisfied nowhere and f is nowhere differentiable.

=
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